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It is shown that ALrvEN waves in a collisionless plasma, permeated by an inhomogeneous mag-
netic field, are affected by a strong anomalous damping. This anomalous collisionless damping seems
to correspond to collision-free Laxpauv damping in homogeneous magnetic fields in a similar way
as the anomalous viscous and Onmic damping of ALrvEN waves propagating in inhomogeneous mag-
netic fields! corresponds to the ordinary collisional viscous and Onmic damping of ArrvENx waves
propagating in homogeneous magnetic fields.

It is found that the predicted collision-free anomalous damping will obey a law of the form
exp{ — (t/)2} where the damping time 7 depends on the wave-length, the temperature of the
plasma, and the magnetic field gradient.

Starting from a simplified Bortzmann—Viasov equation, valid for low frequency plasma waves 2,
a Laprace transform is carried out with regard to the time dependence and an integral equation is
derived for the mean plasma velocity. By the faltung theorem this integral equation can be Fourier
transformed into a differential equation for which a W.K.B. solution can be obtained. The inverse
transforms can be carried out by making a simple analytic approximation for the W.K.B. solution
which is valid over a large range of values.

The predicted anomalous damping of ALrvEx waves is so strong that it may be useful for the

purpose of heating a plasma up to high temperatures within a short time.

1. Introduction

Let us consider a plasma in equilibrium with a
magnetic field in which the field lines form closed
lines within the plasma configuration. An example
is the torus-like field configuration of the stellarator.
Let us furthermore consider a standing ALFVEN
wave propagating along a field line located within
the plasma. If the circumference of the field line is
l, the standing ALFVEN wave must obey periodicity
conditions

v(s+1) =v(s),

2ot =200, (L.1)

in (1.1) v is the fluid velocity associated with the
ALFvEN wave and s the arc length measured along
the field line.

The standing ALFVEN wave propagating along the
field line will have a frequency o proportional to

ds
e ‘ﬁm ’
u(s) =Hy(s)/Vamo(s) (1.3)

is the ALFvEN speed along the lines of force, in
general a function of s; 0(s) is the plasma density.
H,(s) is the strength of the magnetic field which is
in equilibrium with the undisturbed plasma con-

(1.2)

where

1 F. WinterBERG, Ann. Phys. N.Y. 25, 174 [1963].

figuration, thus obeying the magnetohydrostatic
equation

curl[Hy x curl Hy] =0. (1.4)

Let us now consider another ALFvEN wave propa-
gating along a second field line. The frequency of
this second wave will, in general, be different from
the frequency of the first wave, since § ds/u(s) will
be different for different field lines.

If both standing ALFvEN waves propagating along
different field lines are at some initial time in phase,
they will move out of phase as time passes. If we
consider, instead of the two ALFvEN waves propa-
gating along the two field lines, a whole assembly of
waves propagating along many field lines; that is,
if we consider the whole plasma as being excited by
standing ALFVEN waves, then all waves belonging to
different field lines will get out of phase. Since the
difference in frequency will be small for waves pro-
pagating along field lines with a small spatial se-
paration, the rule will be that, first, waves propagat-
ing along field lines well separated from each other
will get out of phase, then when enough time has
passed, waves propagating along field lines which
are very close to each other will get out of phase. As
a consequence, large velocity gradients perpendicu-
lar to the direction of the magnetic field lines, will
build up in time.

U F. WinterserG, Ann. Phys. N.Y. 29, 259 [1964].
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DAMPING OF ALFVEN WAVES

In a previous paper ! it was shown that collisions,
introduced by assuming a non-zero viscosity and
finite conductivity, will damp out these waves ra-
pidly.

This anomalous viscous and Oumic damping time
could become considerably shorter than the normal
viscous and Omnmic damping time of an ALFVEN
wave propagating in a homogeneous magnetic field,
depending on the magnitude of gradient of the mag-
netic field perpendicular to the field line.

In order to avoid the difficulties arising from the
complicated magnetic field configurations, as for
instance the torus like stellarator geometry, a much
simpler inhomogeneous magnetic field has been
chosen from which the same effect can be derived.
Such a simple field is given by:

H={0,H,(z),0}={0,H,(x),0}. (L5)

ALrvEN waves propagating in an inhomogeneous
magnetic field of the form (1.5) will get out of
phase in exactly the same manner if standing waves
are chosen in between two boundaries which are
perpendicular to the direction of H and which are
separated by a distance [.

To simplify the analysis furthermore, we are con-
sidering only ALFVEN waves, propagating in the
field given by (1.5) with a polarization of the fluid
velocity vector ¥ parallel to the z-axis. For the
anomalous damping time v (the time in which the
wave energy is dissipated by a factor e7!) an ex-
pression was derived of the form !:

30 }‘/x

etrtaari S hrvune) - O

In eq. (1.6) o is the electrical conductivity, »| the
(perpendicular) kinematic viscosity, n the number
of wave-nodes, and \/u | the gradient of the ALFvEn
speed perpendicular to the field lines.

For an ALFvEN wave propagating in a plasma
permeated by a homogeneous magnetic field, the
normal damping time 7,, resulting from viscosity
and finite conductivity, is given by

zc(n\2 dmov
| Lk
. [ o (l)( + 2 )

from the comparison of (1.6) with (1.7) it follows
that if | /u | | is large enough then v <1, .

The anomalous damping time 7 was derived
from a fluid dynamic, macroscopic model. For this
reason formula (1.6) for the anomalous damping
time will be valid only if 7 is not smaller than the

R (1.7)
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collision time. With increasing temperature the col-
lision time becomes larger. For this reason, values
of 7, computed from eq. (1.6), may become smal-
ler than the collision time. We may, therefore, raise
the question of what will happen in the limiting case
of infinite collision time. Obviously, in the limiting
case of infinite collision time, the dissipative terms
describing non-zero viscosity and finite conductivity
must be omitted. The equations are then simply the
equations of a frictionless fluid of infinite conduc-
tivity. According to the fluid dynamic description it
follows, then, that if time passes the waves will get
out of phase completely, and as a consequence the
velocity gradients perpendicular to the lines of force
will increase in time without reaching a limit. This
can be most clearly demonstrated from the wave
equation for an ALFVEN wave propagating in a field
of the form given by (1.5), assuming that the fluid
velocity vector of the wave is polarized in a direc-
tion parallel to the z-axis. Under this assumption,
one easily derives as the ALrvEN wave equation
(see, for instance, ref. 1) :

821}2

2 —ut(z) ‘;y -0, (1.8)
where u(z) =Hy(z)[Vino(z) (1.9)

is the variable ALFvEN velocity; variable with re-
gard to the direction perpendicular to the magnetic
field lines. We are looking for standing wave solu-
tions obeying the same boundary conditions. A so-
lution of (1.8) is then obviously

v,(2,y,t) =f(z) cos(wt) sin(ky), (1.10)

where f(z) is the amplitude of the waves, in general
an arbitrary function of 2. Furthermore

k=2anfl, w=uk. (1.11)

In (1.11) n is the number of wave nodes. If at t=0
the amplitude of all waves belonging to different
values of z is the same and put equal to v, we ob-
tain:

(1.12)

For the following we assume a linear dependence
of the inhomogeneity in the ALrvEN velocity

(1.13)

v,(x,y,t) =vycos(kut) sin(ky).

u(z) =az=|Vu|z,
and obtain from (1.13)
v, (z,y,t) =vgcos(k|Vu|xt) sin(ky). (1.14)

From eq. (1.14) we can immediately derive an ex-
pression for the phase difference 4¢ of two waves
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separated by a distance Ax:

Ap=k|Vu|tdz. (1.15)

This phase difference grows proportionally with
time and is proportional to the distance Az between
the two waves and to the gradient of the magnetic
field. Because the phase differences between the
waves are growing with time, the velocity field as a
function of z as time passes will become a more
and more oscillating function of x. The wave num-
ber » of this oscillating function of x is given by

x=k|Vult. (1.16)

As a consequence, the velocity gradient perpendi-
cular to the lines of force is also growing propor-
tional with time. On the basis of the fluid dynamic
model, our problem has a solution which is asym-
ptotically nonanalytic and will never converge to-
wards an equilibrium. This result, unsatisfactory
from a physical point of view, has its origin in the
inadequacy of the fluid dynamic picture which is
inadequate for wave lengths smaller than the DesyE-
length.

A valid description of the plasma for wave lengths
smaller or comparable to the DEByE-length must em-
ploy the Borrzmann—Viasov equation. One of the
most important new results obtained from the Borrz-
MANN—VLASOV equation is a collisionsless damping
of plasma waves. This damping effect, called Lan-
pau damping, cannot be derived from the moment
equations which are the fluid dynamic equations.
Laxpavu derived this damping by considering the be-
havior of an electronic plasma, that is, a cloud of
electrons in the field of fixed, infinitely heavy ions 3.
Lanpavu’s assumption of infinitely heavy ions is valid
for high plasma frequencies.

In a previous paper? the Lanpau damping of
ALFvEN waves propagating through a plasma of in-
finite conductivity was obtained using a simplified
form of the Borrzmann—Viasov equation valid for
low plasma frequencies.

As there exists, for an ALFVEN wave propagating
through a homogeneous magnetic field, besides the
normal collisional damping a normal Lanpau damp-
ing, we may expect that there should exist quite ana-
logously for an ALFvEN wave propagating through
an inhomogeneous magnetic field besides the anoma-
lous collisional damping an anomalous Lanpav

3 L. Laspav, J. Phys. USSR 10, 25 [1946].
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damping. The purpose of this paper is to derive
such an anomalous Lanpau damping and to discuss
its significance with regard to plasma physics.

2. The Plasma Model

In order to describe the propagation of ALFVEN
waves in an inhomogeneous magnetic. field, we use
a plasma model valid for low frequencies 2. In this
model the plasma is described by a Borrzmann—
Viasov equation with the electromagnetic body force

F-"1jxH.
0o ¢

(2.1)

In (2.1) m is the mass of the particles in this plas-
ma model, being put equal to the ion mass; j is the
electric current density, 0 the plasma density and

H the magnetic field.
The Bovrrzmans—Viasov equation for the particle
distribution function F (v, 1, t) is, therefore,
oF 3F | 1 (1 oF _
F v "a_;+z‘['?iXHJ o =0. (2.2)
This plasma model must be supplemented by a
number of other equations.
First, an equation describing that the plasma is

conducting. In the case of infinite conductivity, we
may write

E+ (1/c) (v) x H=0. (2.3)
In (2.3) we have
(v)=(1/0) [F(v,1,t) vdv (2.4)

which is the average or macroscopic plasma velo-
city.

Second, MaxweLL’s equations omitting displace-
ment currents

dH/dt= —ccurlE, (2.5)
(47/c) j=curl H, (2.6)
divH=0. (2.7)

From (2.3) together with (2.5) it follows as usual

SH/3t=curl (v) xH. (2.8)
If we express j by H with eq. (2.6) we have
oF 3F 1 oF _
Tt.{_v'fér:_ﬁtné [churlH]-—a—v— (2.9)

In the next step we linearize eq. (2.9) putting

F(v,r,t) =o(fy(v,7) +f(v,1,0)) (2.10)
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and considering f as being small of the first order;
fo(v, r) is the normalized distribution function re-
presenting the undisturbed state. We further put

H(r,t) =Hy(r) +h(r,?) (2.11)

and assume that h(r,t) is a small disturbance
superimposed on H,(r). For ALFVEN waves pres-
sure and density do not change; we have, therefore

P=pPo> ©=9, (2.12)

describing the constancy of pressure and density
which are put equal to the undisturbed values p,
and o, .

We finally assume that the undisturbed plasma
must obey the magnetohydrostatic equation

—gradp=(1/4x) Hyxcurl H,. (2.13)

From (2.9) follows for the undisturbed plasma con-
figuration

3
‘v-%(@fo)— 4']1,9 [H, x curl Hy] 'W(‘gfo) =0

(2.14)
respectively
of, do
oV 5y +h?- 5, (2.15)
1 . oo _
—H[HOXcurlHO] = =0.

Assuming that the undisturbed velocity distribution
is a MaxweLLian we have

3fe/v = — (¢/p) fov . (2.16)
Inserting (2.13) and (2.16) into (2.15) it follows

S | 2fs .[L _ _
ov ar—}——pAv Qgrad.g gradp| =0.(2.17)

Eq. (2.17) can be satisfied if the following condi-
tions are fulfilled

(p/o) grado=gradp, (2.18)

and v.9f,/or=0. (2.19)
Condition (2.18) implies that

Op/Ce=pleo, (2.20)

which is fulfilled for an isothermal plasma, T = const.
If the plasma is inhomogeneous with regard to
one spatial direction only, say for instance the z
direction, it follows that 3f,/3y = 3f,/3z=0. From
(2.19) then follows as the only possible solution

fo=fo(v) , (2.21)

showing that f, under the assumptions made can be
a function of the velocity only.
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For the following, we neglect the term
(f/05) v-Bgy/CT

with respect to the term v. 3f/3r which means that
the wavelength of a plasma disturbance in the direc-
tion of the inhomogeneity (the a-direction) shall
be small compared to the characteristic length
0o/ (90,/3x), over which the density changes. It was
shown below [eq. (1.16)] that the wavelength of
the plasma disturbance in the direction of the in-
homogeneity decreases with increasing time. As a
consequence, the term (f/o,) V-30,/0r may be
neglected with increasing time.

Linearizing eq. (2.9) we thus have

of . of
3 TV % (2.22)
1 _ Sh _
~ g [Hy X curlh —h x curl Hy] . = 0.
Linearizing eq. (2.8) we have
dh/dt=curl (v) x H,. (2.23)

If the undisturbed distribution function is sym-
metric fo(—v) =fo(v), which is the case for a
MaxweLLian distribution function, we can write for

(2.4)
(v)=[fv,r,¢)vdv. (2.24)
The magnetic field shall be of the form (1.5):
H={0,H,(x),0}. (2.25)

The velocity vector (v) shall be polarized in the
z direction. Therefore

<v> = {0, 0, ('Uz)} ) (2.26)
(v.)=[fo.dv. (297
From (2.23), (2.25), and (2.27) it follows that h is

parallel to curl H, thus making the term h x curl H,
equal to zero. The result upon (2.22) is therefore

9 . 8f 1
3 TV ar T e,

We differentiate eq. (2.28) with regard to time and
eliminate h with the help of eq. (2.23). We obtain
in this way

where

Hyxcurlh - Sh 0. (2.28)
dv

a’f . azf
3 7Y Fra (2.29)
1 3fo _
v H, x curl curl ((v) x H,) - 43;‘:, -0.

We use the fact that 9y =0, (z) only and that H and
(v) are directed along the y and z axis respectively.
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It is then easy to show that
- H, X curl curl ((v) x Hy)

470,
—u? {0 0 é@zZ} (2.30)
b | ayz b
Using (2.30) we bring the BoLtzmanN—VLAsov equa-
tion finally into the form:
32f 2f

. 2 az<1j'z> 3fo =
o P i =k

wE B 0,

(2.31)

3. Transformation into an Integral Equation

We shall now assume that our disturbed distribu-
tion function f does not depend upon z, that is,
Jf/3z=0. We make a Fourier transform of f and
(v,) with regard to y, and drop afterwards the in-
dex % on the Fourier-transformed f respectively
(v;). The result upon (2.31) is:

32 3 3
e N > ‘“2’“2(”2>a£§ N
(3.1)

We then apply upon (3.1) and on (v,) a Larrack
transform in time (LapLace transform variable p)
with the result:

. +ik
, tikvy

. of
(p+ikvy) pfp+pve3" (3.2)
—uk*(v.), 2{1‘: =9 (®.2.p).

¢ (v,2,p) contains the initial conditions and is
given by

¢(v’ x,P) =f(v,.’l:, 0) (P‘l"ik‘l)y)
Oz ot ’

(v2)p=J fpv.dv.

To specify the initial conditions we may assume
that the plasma at ¢t =0 is diplaced uniformly in the
z-direction. With regard to the total distribution
function at ¢ = 0 this means

+ v, (3.3)

(3.4)

Furthermore

F. WINTERBERG

The constant vector v, will be directed along the z-
axis since we assume that the plasma is displaced in
this direction. The initial value of the disturbance
is then obviously given by

f(0,2,0) =fo (V—-vg) —fo(v). (3.6)
Instead of the displaced velocity distribution as
given by (3.5) we can, consistent with the assump-
tion of infinitesimal wave amplitudes, use as the
initial disturbance a power series expansion of (3.6)
up to the first order:

f(0,2,0) = —v, Sh =

__v —
dv ¢

o
30, ° (3.7)
Although the initial distribution function given by
(3.7) does not correspond to a uniformly displaced
distribution function, it corresponds to a uniformly
displaced plasma because we have for the expecta-
tion value of v,:

+o0
3 d
(v,) = “voj”z a;j:—dv = —vojvz dvf"

0 dy, =v,,
(3.8)

where for the distribution function f,(v) we make
assumption

fo(v) :fo(v.r) fo(vy) fo(vz)-

fo(v) shall be a symmetric function, f,( —v) = fy(v),
and shall go to zero more rapidly than |v |~ for
v—> T oo,

—0o

(3.9)

For convenience we use the normalization
+ o0 +oo +o0
_ffo(vx) dv, =_ff(vy) dvy=_ff(v2) dv,=1. (3.10)

In computing (3.8) we made use of
+o0

+o00 +oo
jyg%l”z dv, = v, fo(v.) | — [ fo(v.) dv,=1.
N (3.11)

Inserting (3.7) into (3.3) we obtain for the initial
condition

. : of
F(u,1,0) = fo(0—1,). (3.5) @=—vy(p+ikvy,) av‘: . (3.12)
Inserting (3.12) into (3.2) we have after rearranging
Ofp , ptikvy, 1 Ofy r 2;2 o : _
ae T w P puy Gu % F vl —ve(ptiken)]=0. 18

For the following we consider ALrvEN waves with small wave numbers % and neglect for this reason the
term i kv, against p. This is equivalent to removing ordinary Laxpau damping. In this approximation we
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have instead of (3.13)
g P LS [k (0,),— 0y p) =0, (3.14)

dz ) p vz Juy
Eq. (3.14) can be considered as an ordinary linear differential equation of the first order for f, as a func-
tion of z. Integration of (3.14) with regard to z leads to
tfp= Sh e:pf/fij (u? k2(v,) p — vy p) e?®17= dx’. (3.15)
a"z P Uz

In order to determine in (3.15) the constant of integration we proceed as follows. We assume that x>0
and can make a similar consideration for x <0. Then for v, <0 we have

lim e 7%/%s— oo (3.16)

T—> 00
The constant of integration in (3.15) is now determined in such a way to obtain a finite result. This
leads to

o0

e ;L [ @B (), —vopleri=daf,  v.<0. (3.17)
4 X
x

To obtain f, for the case v, >0 we have to consider a boundary condition to be imposed upon f,. We
shall for convenience assume that our magnetic field has to property

u?(—1x) =u?(x) . (3.18)

The natural boundary is thus the interface x =0 with regard to which u?(z) is symmetric. At t=0 the
plasma is as a whole displaced uniformly in the z-direction with the consequence that only symmetric modes
(v,){ —x} = (v,) {2} are exited. If the solution is symmetric all particles behave at the interface z=0
as if they are reflected elastically from a rigid wall. The distribution function f, must therefore obey at
=0 the boundary condition:

fo(—25,0) =f,(vs,0) . (3.19)

To obtain f, for v,>0 we must choose the constant of integration in such a way as to satisfy the boundary
condition (3.19). The result is:

2 z
fﬂ= ’aa{o'e——i)gzlvz' "J‘ (u2 k2(vz)p__vop)e—pz’/v, dx'—{- ‘[ (u2 kz(’l)z)p—‘uo p)epz'/vz dz’ 3 vz>0‘ (3_20)
z z
0 0

In order to obtain f, from (3.17) and (3.20) we have to know (v,), which by itself is determined only
after f, is known. We therefore compute first (v,), using the expression for f, given by (3.17) and (3.20).

+oc +oc + 00
By definition we have (vdp=[ [ [fo(z,vz,0y,v,) v,dvydv, do,. (3.21)
We decompose (v,), as follows: (v2)p=(v2)p +(v2)p (3.22)
+o0 oo " +o0 ]
where (v2)p = [ [dvydv, [dv,v,fp,v,<0, (v,), = [[dv,dv, [dv,v,fp,v,>0. (3.234a,b)
—oo —0 —o0 0

In order to compute (v,),  we have to use (3.17) and for (v,)," (3.20).

After the integrations over dv, and dv, have been carried out, we drop the index z on v, and call v, = v.
From (3.23 a) and (3.17) we thus obtain

0 oo
(vz>p—= "I:;’J‘d” j'ot(;)—) e /v J(u2<vz)p_ 3;;211) erz'lv dx', (3.24)

z
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and from (3.23 b) inserting (3.20),

oo

i [ o[t )
T s (3.25)

o z
+ jdv iof]ﬂ e~ palv j‘(u2<vz>p_ E;ézﬂ) e?lv 4z’ J
0 0 :

In the integral for (v,), [eq. (3.24)] we change the variable of integration v from v — —v. Therefore
dv— —dv, fo(—v)=fs(v). The result upon (3.24) is:

0 o
(v2)p = 'kij dv !fof}i) epalv j(u“’(vz)p— v;;TP) e~ rTlv do
= o (3.26)

o0

k2 - fo(v) L ’
= — Tjdv —";—‘e’”’/” J(u2(v2)p— 722—)e A
0 z

Inserting the expressions (3.26) and (3.25) into (3.22) we obtain

~ (ve)p= B[ [ do 2O emrale [ (u(o,),— 2P} epelvd
0 ' (3.27)

(<] z (=] oo
+ jdv f"l(}v) e~ ralv J(zﬁ(vz)p — _‘%ZP_) e?”l 4y’ 4+ jdv fof)’,’,) epalv J (u2(vz),,— 3}0;211) ezl &y ]
0 0

z

If we introduce the function K(z) = > J dv o (v) e plv (3.28)
0

eq. (3.27) can be written as follows

o e, 5ot f ot s it o,
’ (3.29)

A further simplification of (3.29) is possible by using (3.18) and the circumstance that only even modes
are exited that is (v,),{ —z} = (v.),{z} . The first integral occurring on the right hand side of eq. (3.29)
can be transformed by substituting z’— —2”:

fK(x-i—x’)(u?(yz)p._ ,_v;:.:;) dz’ = — TK(x—x’) (u2(vz),,— ”;:;’ )dx’. (3.30)
0 0

The second and third integral of the right hand side of eq. (3.29) can be combined by continuing K (z)
to negative arguments so that

K(—z)=K(2), (3.31) whichmeans K(z)= "7’ j dv fof)ﬂ e Plallv (3.32)
We therefore can write

jK(x—x') (u2(vz)p— v":;’ ) dz’ + jK(r’—x) (uz(vz)p UZ:’ ) d2’ = jK(| z—2'|) <u2(vz),, ";’; ) dz’.
0 = 0 (3.33)

Using (3.30) and (3.33) we can write for (3.29)

+o0 +o0
~ (vy= [ Klla—a ) (w2(0)p— *%P) & = [ K(2—a]) u¥(v,),da' = %7 jK(lx Z)) dz. (3.34)
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The second integral occurring on the right hand side of (3.34) can be evaluated by using the explicit

form of K (| z|) given by (3.32):

+o00

+o0 o0
J K(] z—1 “) da’ = Aﬁ J‘ d2’ f dv —J‘O(v) e~ Pla—z'|lv

—% p_w ’ v 535

°° ¢ o +o0

k2 fo®)  —pzlw k2 12 -
=2y fidn | B w2 |l e S| il
o 0 ; )
+o00

We thus obtain, finally, from (3.34)  — (v.),= jK(jx_xf D u()pda' = . 536

4. Solution for a Zero Temperature Plasma

In the case of a zero temperature plasma, one
should obtain the same results as those following
from the magnetofluid dynamic equations. This can
indeed be easily verified. For a zero temperature
plasma we have for the undisturbed distribution
function:

fo(v) =0 (v).

We thus obtain for the kernel of the integral equa-
tion:

(4.1)

oo

K(x) — _kz_ J‘ dv 6(1{), e_p]IVv
P, v

_ R gim ePlele

Speat 6 (4.2)
_ 0, 2>0
oo, z=0.
Since
+o0 . + oo 3
(K@) do= 2 lim 2 [erblvde= P, (43)
2 2p v—>0 v k2
we have clearly K(x) = (k?/p?) d(x). (4.4)

Inserting (4.4) into (3.36) and solving for
(v;) p results in

(v.)p=vop/ (P2 + K2 u?). (4.5)

To obtain from (4.5) (v,) we have to perform

the inverse LapLace transform with the result:
(v,) =vgcos[u(zx) kt] . (4.6)

Solution (4.6) is clearly identical with the magneto-
fluid dynamic solution for ALFVEN waves with wave

number £ and amplitude v,, propagating in an in-
homogeneous magnetic field. The solution does not
exhibit any damping, a result we would expect from
a collisionless zero temperature plasma.

5. Constant Magnetic Field Gradient

For the sake of computational simplicity, we shall
assume that the magnetic field, and thus the ALFvEN
velocity, has a linear dependence on . That is

u(x) =‘Vu|x (5.1)
| Vu|=du/dx = const. (5.2)

With this assumption the integral eq. (3.36) has the
form:

+o00
= ()= (Vu)? [ K(|w—o ) #*(v.), &2’ = 2.
o (5.3)

where

6. Transformation to Nondimensional Variables

In order to solve the integral eq. (5.3) it is ex-
pedient to transform it to certain nondimensional
variables. We introduce the DeBye-length a and the
ion plasma-frequency w, ,

a>=kT/(4aane?), (6.1)

(6.2)

wel=4nne*m.
We then put
z= (awy/p) £, (v2)p= (vo/y) @,

v=awym,

§=(plawo) x, 1= (v[awy), @=/(wefve)(v:),
(6.3)
where awy=VkT|m (6.4)

is the average thermal speed of the particles.

L Frawenklinte inq g1
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Using the explicit form for the kernel K(z), the integral eq. (5.3) can be written as follows

o0 +o0
- vz> = i (Vu)z dv Ml do’ e plz—z’llv z,2<vz N 3
# 4 v & p
0 —o0

(6.5)

We assume furthermore, that the undisturbed distribution function fy(v) is given by a MaxweLLian being

conveniently expressed by

1 1 2
fo(v) = V2x —awo exp {"‘ 2(:(";F}' (6.6)
Eq. (6.5) thus takes the form
= syt
_ 2 — U 2(@wy)?) ! e=ple—a'|[v 4’2 _ W, ]
(v:)p= Vzﬂaw S (V) jdv : sze 2 (or)y~ B (6.7)

Introducing the new variables defined by (6.3) eq. (6.7) can be brought to the nondimensional form

oo + o0
fH=—4(d ,eii”ijd ! o lE=Fln £2 (&) 4+ Po
@ (&) ojnn_wse Fro(E) + 2,

where we used the abbreviation
7. Fourier-Transform of the Integral-Equation

We write eq. (6.8) as follows
+o0
@) = —A[K(|§-§]) &2 @(&) d& +wofp (7.1)

(7.2)

where

oo — 2|l
K (&) = [ e r//i_rllﬂ a1,
0

Applying a Fourier transform on eq. (7.1) and
making use of the faltung theorem results in

P0) =V2r AK () TTE) 4 Y27 200(x). (7.3)

In eq. (7.3) we have clearly

@(x) = —1— jqa(s) e dE

(7.4)

1 =%
K(x) = Vﬁ;jK(s) e dE .

From eq. (7.2) we obtain for the Fourier trans-
form of K (%)

+o00 )
= b g e st e n'2—elin.
K(x) = Vﬁjd’e jdn =

_72; J dn £ '1/2 f de e=ixE=lglin

A= (awy)?(Vu)?/[V2a pt].

(6.8)

(6.9)

= V%jdr] i [ d& cos (% &) e ¢
0
" V J 5.1 (7.5)
1+%29n2
and making use of the formula
J‘coe__zlyz d =V.7;e‘1’¢ jzoe_zz dZ
1+ Y (7.6)

0

- T F-0(@)],

where @ is the normalized error integral, we can
write

Ke)= |[= " n_sqyznl. a1

8. W.K.B. Solution of the Differential Equation
for ¢ (x)

We start from eq. (7.3) which we integrate over
the delta function from x= —& to %= +¢, e<1.
Using the value K (0) =1 we thus obtain

A[@'(e) =9’ (— &)1 +wo/p=0.

@ (%) is a symmetric function of » since ¢ (&) was
assumed to be a symmetric function of &. We, there-
fore, must have

¢’ (—¢)

(8.1)

= (e). (8.2)
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At %=0 the derivative jumps and we have
lim ¢ (%) = £ w,/2 A p,

x—>0

(8.3)

x=0.

Because of the symmetry with respect to x it is
sufficient to restrict the computation of ¢(x) to
values %>0 while using the boundary condition

@' (0) = —wy/2 Ap. (8.4)

For >0 we may write eq. (7.3) in a different form

" (%) —E2V () @(%) =0 (8.5)
: 2 _ 1 p*
with E2= 1/27/1 = D wed (Vo (8.6)
-1 P €—1/2x’
and V(z) = (%) = “/ﬂ T—da/Vzm] "
(8.7)
Eq. (8.5) has the W.K.B. solution
@ (%) = ‘W( )exp[ 6{ VV (%) dx], (8.8)

where the constant 4 must be determined from the
boundary condition (8.4). If » <1 we have for
(8.7) the asymptotic expansion

Vi)=-— L

1—x2+3 x4 —15 x%+..
In the neighborhood of % =0, with %2>0, ¢(x) ac-
cording to (8.8) can be approximated by

() =Ae E” (8.10)
and therefore @’ (0) = —AE. (8.11)
From (8.4) and (8.11) we thus obtain

. T W E — E p
2EAp V P Vz ka|Vul® I

We use the following abbreviation'

x<1. (8.9)

A=cp, (8.13)

_1/a
=% kaiv I’
and arrive at

@ (%) = exp[ EJVV(%) dx] (8.14)

'VV( )
In order to determine ¢ (%) for arbitrary values of x
we have to compute the integral under the exponen-
tial of (8.14). This integral has been evaluated
numerically and the result of this integration is
shown in the Fig. 1, where a plot of

fnlo/V—(x) d» and fx]/V_(x) dx—2x is given.
0

One can easily show that within an error of a few
precent over a range from % =0 to %= 10 this func-

1279
14 r
12 F "
f(x) = fJV(x)dx
()
°r f(c) =k
8 =
x
¢ |
K
4 I f(x) =/JV(:)dx-x
°
2 -
[0} 2 4q 6 8 10

o . o I
Fig. 1. The function [ V(%) dx and [ V'V (%) dx—2x.
0 0

tion can be approximated by

[VV (%) dx2%+0.043 2. (8.15)
0
From this follows also
VV (%) 21+0.086 x. (8.16)

We, therefore, may put with sufficient accuracy in
(8.14) ]/V(x) 1. We thus finally obtain with
very good accuracy for the W.K.B. approximation
of @ (#) the expression

E(x+0.043 %)

@(x) 2cpe” (8.17)

9. The Inverse Fourier and Laplace Transforms

Using the Fourier transform as given by eq.
(8.17) the inverse transforms can be carried out in
a closed form. The inverse Fourier transform is
given by

P(&) =cp 1/% j cos(x §) e” BB dx,  (9.1)
0

where v=0.043 . (9.2)
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The integral (9.1) can be carried out in a closed form:

£ _ . ¢cp iE;i})j}. EJ (E+i%)? [E+i$ .
)= e,k {ewe | 1yE | Erie [21/ 2| rew [ 4VE R 21/75]}' 9:3)
In eq. (9.3) Erfc=1— @, where P is the normalized error integral.
Next we use the abbreviations
E =ap? E=fprz, po=i(Bla) x=ik|Vulz,
a=1/(kaw,| Vu|), B=1law,. (9.4)
From (6.3) we know that ¢ = (wy/vy) (v,),, thus we may write for (9.3) :
= ¢ Jexp[-2 (p—py)2|- 1 4/a (5_
()= e (P [y (P =P0?| Erte[ -1/ (oo (9.5)
[ a 2] . 1 5/a '
+exp| g (p+ po) ] Erfc[2 1/7 (p+p0)J}.
+icote
In the LaprAcE inversion formula (v,) = ;le (vy)pe?tdp, (9.6)
—ioote
we make the substitution of a new variable p*, pFpo=p", (9.7)

where the two signs are to be taken for the integrals over the first and second term occurring in the curly

bracket on the right hand side of (9.5).

We obtain
1 +ioote o
= %c¢ Dot 1 o~ Dol ) p*2L-. 1 q/a x| oot gp*
(0:) = gypes o (et +e7) zzi‘Lexp{(a/zL;)p }-Erfe [2 Vy p :le dp*. (9.8)
+icote -
We then use the formula 5:?? jeal" Erfc(Vap) etdp ="t q e tMa (9.9)
—joote

and obtain finally from (9.8), after inserting the values for a, # and y:

(v,) =vgcos(k|Vu|zt) exp{ —0.043 ka wy| Vu |2}, (9.10)
or (v,) =vgcos (k| u|xt) e~ W*, (9.11)
where we introduced a damping time 7 given by t=4.82(kaw,| Vu|) 7. (9.12)

10. The Distribution Function

Finally we would like to know how the distribution function changes with time. Knowing (v,), the
distribution function can be computed from (3.17) for v, <0 and from (3.20) forv,>0.

As a first approximation we may insert for (v,), the expression given by (4.5) which is valid for a
zero temperature plasma. For a warm plasma we have to use for (v,), expression (9.5). One should ex-
pect, however, that the largest contribution to f(z,¢) in a warm plasma results from inserting the value
(v,), valid for a cold plasma. Inserting the value (v.), given by (4.5) into eqs. (3.17) and (3.20) we
have

3 ) bl = 2
v b [ ey & <O, (10.)
z
_ afo_[ GXP{ —p(z+7) [vz} g,/ jexp{ p(z—2) [vz]
fo=—vogi & [ el 4z 4 e, v>0. (10.2)



DAMPING OF ALFVEN WAVES 1281

+ico+e
Using the inversion formula flz,t) =~ jf e’ dp (10.3)
'—1.oo+e
and writing u2(2") =| Vu 222 we obtain
f(z,t) = —v, af" leuI fx sin [ | Vu |2 (t zv—x)} dz’, v,<O0, (10.4)

f(z,1) =v0§£—:%uﬁx’sin [k] Vul|z (t— %) dx'—i—ofx'sin [lequ' (t— ?;;r')}dx'} v;>0.

(10.5)
To evaluate the integrals occurring in (10.4) and (10.5) we apply the saddlepoint method. For the

integral in (10.4) we can write

o0

jx sin [k | Vu|z (t+ ) dz’=Im (x' @) A2, (10.6)

dr’ =Im (x'exp [ik]Vqu’ (t+ Z”;}ﬁ)

o/

x x x

where H(a:)—zkIVu[[ 2+ (t——)z’]. (10.7)
Uz

H(z') as a function of 2’ has a saddlepoint at 1y =3 (x—v,t). (10.8)

Expanding around this saddlepoint we have

H(x)~H(x0)+—(g—g) =Z,-(Az)2=ik|Vu[[—7(”%2‘)54-%(Ax)2], Ar=z —z).  (10.9)

From (10.8) it follows that for large values of ¢, 2, > x because v,<0. We can, therefore, extend the
lower limit of integration to — oo .
For the integral (10.6) we thus write

oo + o0
Im j 2z eH@) dz’ 2 Im J 2’ efl@) dz

+o0
~ —;— (x—v,t) Imexp {L . Lv", (z=vz t)z} j exp {— Lk}% (Ax)2} d(4z). (10.10)

——
In writing down (10.10) we took into account that v,<0; putting z= k_l_vv% e~mls,  (10.11)
+o0 +too ey
we have jexp{ L l Vul (Ax)z}d(Ax) “/ ”z e~ i J-e_s’ ds= /%7 _e—milt,  (10.12)
y Y 3 k[Vul
Inserting (10.12) into (10.10) and taking the imaginary part results in
: @ Az 2 VA |z (p— in [ £ Vu] (r—vzt)’_lJ
Im | & o) da’ 22 V. (= vpt) sin[RL/8L Emoe 2], (10.13)
T
For the two integrals occurring in (10.5) we have
jx’ sin [leu[z' (t— x,:'z) dz’=Im [x' ehi(@) do’, (10.14)
z »
0 0

where H () —zk]Vu][ Loz (z_i)x’] (10.15)

Uz
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z z
and fx' sin [k | Vul|2 ( Iv—: )] dz’ =Im jx' (@) dz’, (10.16)
0
with Hy(z) =ik|Vu|[l—x'2+ (e- i)x} (10.17)
vr vz
H,(2’) has a saddlepoint at zy = —}(x—v,1). (10.18)

For large values of ¢ this saddlepoint is at large values z,". The lower limit of the integral with H, (z")
in the exponent can, therefore, be extended to — co. Expanding H, (x') around this saddlepoint we have

Hl(x')&?Hi(zo')+—;—(g§g) _, () =ik| Vul (Ll’z‘)’ (Ax)2J, Ar=o' —z/. (10.19)

For the integral (10.14) we then have

0o +o0
! oH () o & l - ileul (z—vzt)? _iLE 2
Im ij e dr' o2 > (x—v,t) Imexp { y }Jexp { = (4z) }d(Ax)

Uz
o ﬁ]/ v [leuI G 2L 3] (10.20)
5 klé | (x—v,1t) sin o 1+ |
To compute the integral (10.16) we ask for the saddlepoint of Hy(z") which is located at
zy =} (x—v,1). (10.21)

For large values of ¢ the saddlepoint is located on the negative side of the 2" axis, far away from the
origin. Since the integral (10.16) is extended from 2" =0 to 2" =z, the contribution of this saddlepoint to
the integral is very small. The value of the integral (10.16) is, therefore, small if compared with the
value of the integral (10.14) and shall be neglected. Inserting the value of the integrals (10.6) and (10.14)
into egs. (10.4) and (10.5) we can write for the distribution function f(z,t) an expression which is valid
for v,=0 in the form

flz,t) = — Va , l/k|v—_[ (x — v, t) sin [k|v”| (z=vz)? &) (10.22)

2 Yo Qv | vz | vz 4
To supplement these considerations we would like to show that even with the improved expression for
(v,)p given by eq. (9.5) it is possible to carry out the inverse Larrace transform. The results are ex-
pressions for the distribution function given by definite integrals useful for numerical computation, if one
should be interested to explore the behavior of the distribution function into further details.
We first consider the case v, <0 and write for f, according to (3.17)

_ 3 K| Valt (e \ eplp@—a)fosd 3.0 . B 1
fr= dv, vz jx (2o p i — %y %3, p° (10.23)
x

Inserting into (10.23) expression (9.5) for the Laprace transform (v,), we have

 — 9y UoCkleulzj 22 &plp (@ —2)[vd] {exp{% (P-Po)zJ Erfc[ VL (P—Po ]
g

vz 2Y2ay wov;z p (10.24)
a 2] . 1 1/a s Ofy 1
+ exp rye (p + po) ] Elrfc[2 ‘/7 (p+p0)J}dz Vo 5, =
+ico+eg
In carrying out the inverse transform f(z,t) = 2::2 jfp et dp, (10.25)
—ioco+ts

the last term in (10.24) resulting from the initial condition has the constant value — v, 9fy/Jv, .
To carry out the integration over p in the integrals resulting from the first and second term in the curly
bracket of (10.24) we make the substitution of a new variable p* according to

pF po=p". 10.26)
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Inserting this substitution into (10.24) we obtain for the first and second integral:
T ok P il £ s al JOY TSR TP 7
27i _ii p**p, - {p [t+ 7;}} el
To evaluate these integrals we use the formula
?:ﬁﬂ‘f‘:wzf‘rf?p) et dp =¥+ [D (4t +a) — D(a)]. (10.28)
i
The result upon (10.27) after taking the sum of both integrals is given by
L N e IR T

Since py=i k| \Vu |2’ the arguments in the two error-integrals of (10.29) are complex conjugated. One
easily verifies however, that their sum is real. Using the result given by (10.29) and inserting the ex-
pressions for a and f we can write for the distribution function

_ af ‘1/,? Kl | Vu |
f(x, t) = Svo {41/7 (@ we) vz

(=<}
/¢
. szexp
z

+<15[1 klv“‘(ﬁt'yawo(

2 Y aw,

_Esl ) [ 1 Y/EIT (g 4 #=) i)
4yaw.,x {¢ 5 s dyawmy|t+ = £

) +ix’)]}dx’+1

v,<0. (10.30)

In a quite analogous way we obtain for positive velocities v,>0:

[ T e 2
f(z, 1) =v, {41/7 (@wouz L z eXp[ r—
. {45 [L k| Vu| (4yaw (t— ’f—f+x) —ixz b [L VJ—V" <4yaw ( x’+?) +iz )]}dx’
2 Y aw, vz 2 Y aw, Uz
k| Vu]| '2} [L WVTI( ( z—z) s )] (10.31)
+fx e e F e O O e
+<1>[1 [k Val (4yaw (+z_z)+ix')”dz']-—]>, v:>0.
2 Y aw, vy
11. Discussion of the Results =2 71/k, we have
. .. . g APlNUT— )
The most important result of this investigation is 7=4.37x10" — [sec]. (11.4)

contained in eqgs. (9.10) and (9.11), where we ob-
tained for the damping time a value given by

1=4.82(kawy| Vul) " (11.1)

Introducing into (11.1) the temperature according to

(awg)®=kT/m (11.2)
nd | Vul= |V (i) = wim |V ()
(11.3)

(k is the BoLrzmANN constant, N the atomic number
density), and finally the ALrvEN wavelength 7

[VN|VLH VD
We used the symbol \/ to indicate that the gradi-
ent must be perpendicular to H/VN. From (11.4)
it follows that the anomalous damping time 7 de-
pends not very strongly on the plasma density or
plasma temperature. Interesting, however, is the de-
pendence of T upon the number density N and the
temperature 7. From (11.4) it follows that with
decreasing N and increasing T, v decreases. This
behavior is opposite to the dependence on a colli-
sional damping time upon N which decreases with
increasing NV and decreasing T.
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We compare (11.4) with the ion collision time

t.(Z=1),

te=0.76 A*T**/N [sec], (11.5)
taking the following numerical example:
T=108°K, N=10%cm™3, A=2, A=10%2cm,

VN |/ 1 (H/VN)| =103 gauss/cm,
and obtain

1=11%x10"%sec, ¢t,=1.1x10"3sec.

It follows that for the given example the anomalous
damping time is three orders of magnitude less
than the collision time. Taking, however, T =106 °K
we obtain 7=3.5x 10 ¢ sec and z,=1.1 x 1076 sec.

These results demonstrate that above temperatures
of 10 °K the anomalous damping can become an
important process. The very short damping times
computed from (11.4) indicate that this damping
may be useful to heat a plasma up to high tempera-
tures in a time which is short compared with the
collision time.

We would like to add one remark about the be-
havior of the distribution function at large values

DAMPING OF ALFVEN WAVES

of time. Taking the form of f(z,t) given by eq.
(10.22) we can conclude that for large values of ¢,

f(x,t)aexp{i “%""2%}.

Introducing a wave number in velocity space
which has the dimension (velocity) ! an which is
given by kv=kIVul t2/4 we can write instead of
(11.6) (putting v, =v):

f(z, 1) <eke?,

(11.6)

(11.7)

The distribution function (11.7) has an oscillatory
behavior in velocity space. With increasing time the
wave number in velocity space increases proportio-
nal to ¢# with the constant of proportionality in-
creasing with increasing | \/u |. As a result the dis-
tribution function becomes more and more oscil-
latory as time passes.
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